We demonsrate that the spectral curve of the matrix model for Chern-Simons theory on the Lens space S 3 /Z p is precisely the Riemann surface which appears in the mirror to the blownup, orbifolded conifold. This provides the first check of the A-model large N duality for T
Introduction
The conifold transition is an example of an open/closed string duality. In the topological A-model, this is a duality between the open A-model on T * (S 3 ) (which is equivalent to Chern-Simons (CS) theory on S 3 [1] ), and Kahler gravity on Ø −1 + Ø −1 → P 1 . This was originally studied by taking the partition function of large N Chern-Simons (CS) theory on S 3 expanded in a 't Hooft limit and presenting it first in the form of an open string theory [2] (i.e. an expansion in genus and holes) and then summing over the holes to get a closed string theory [3] . A worldsheet proof of this duality has since been provided [4] .
It is of some interest to extend this to a duality between T * (S 3 /Z p ) and a Z p orbifold of the resolved conifold. Whilst an explicit form of the partition function for CS theory on S 3 /Z p is known [5] , this form includes the summation over all vacua in the theory, yet for the purposes of string theory we want only the contribution from a single vacuum. For perhaps these reasons it has not been possible to exhibit the large N duality of T * (S 3 /Z p ) at the level of partition function however the worldsheet proof does generalize to T * (S 3 /Z p ) and other geometries [6] .
In [7, 8] it was shown that CS theory on S 3 /Z p has a matrix model description. In [8] it was also shown that Holomorphic Chern-Simons (HCS) theory reduced to P 1 's inside the mirror (call it X) to T * (S 3 /Z p ) has a matrix model description. Further, these matrix models are identical. For the case p = 2 the partition function of this matrix model was calculated perturbatively and was shown to agree with the KodairaSpencer theory [9] predictions from the large N dual geometry, providing solid evidence for the proposed duality. For CS theory on S 3 the matrix model was solved to all genus using orthogonal polynomials in [10] and the orientifold of the conifold was studied in [11] .
The manifold X is given by the blowup of
where
and by the general arguments of Dijkgraaf-Vafa theory [12, 13] , the spectral curve of the corresponding matrix model should be a complex structure deformation of F p = 0.
In [14] two of the current authors found an expression for the spectral curve of the matrix model for CS theory on S 3 /Z p . This involved first showing that although this matrix model looks similar to a p-matrix model, it does in fact have square root branch cuts, therefore its spectral curve has only two sheets. This led to an explicit expression for the resolvent, depending on p − 1 parameters d i which in principle could be found perturbatively by performing the A-cycle integrals. The spectral curve can be read off from the resolvent and the d i correspond to complex structure moduli. This will be reviewed in section 2.
In section 3 we use toric geometry to construct a resolution of the Z p orbifold of the resolved conifold. This is a particular A p fibration over P 1 . Then using the Hori-Vafa mirror map we can write down the mirror geometry and find that after a suitable coordinate redefinition, the non-trivial Riemann surface inside this threefold is precisely the spectral curve found in [14] . This explicitly identifies the large N dual of
for all p > 1. The matching of the geometries proves the equivalence of the leading order (in g s ) free energy between the matrix model and the closed A-model on this particular fibration. To our knowledge this is the first check of this large N duality for p > 2.
The matrix model spectral curve
The partition function of CS theory on the Lens space S 3 /Z p [8] can be written as a matrix integral over p sets of eigenvalues, which we label by an index I ∈ {0, .., p − 1}.
The Ith set contains N I eigenvalues. The measure is a product of two factors, a self interaction term (∆ 1 ) and a term containing the interaction between different sets of eigenvalues (∆ 2 ),
where d IJ = 2πi(I − J)/p. The potential has an overall factor of p compared to the S 3 case,
In the above notations the CS partition function becomes
We define individual resolvents for each set of the eigenvalues by
and the total resolvent, which we are most interested in is
Anticipating taking the large N limit we also introduce 't Hooft parameters S I = g s N I and S = I S I . The equation of motion for each eigenvalue is
From the large N limit of this equation we can derive
where f (z) is a regular function
Given the large N limit of the equations of motion it is possible to find the total resolvent ω(z). This method has been developed and checked in [14] which we will now review. We assume that the eigenvalues spread only along the real line. For general multi matrix models this is not true [15, 16, 17] . However, this assumption leads to the correct result for our case. Note that we do not make any assumption on the type of the cuts. In the total resolvent ω(z), the individual resolvents come with relative shifts of the argument by 2πiI/p. Therefore the cuts in the total resolvent are now separated by 2πiI/p. For example, if ω 0 (z) jumps at the point z, all other individual resolvents ω I (z − 2πiI/p) with I = 0 are regular at this point. This means that on Ith cut the total resolvent jumps only due to the resolvent ω I (z). From this it follows that
and so every cut is a square root.
We label the contour around the Ith cut as A I . From (2.6) it is clear that 12) whereω(z) is the value of the resolvent on the second sheet. From (2.5) we also have
Since the integral over the A = I A I cycle is fixed by (2.12), there are only p − 1 independent periods. Now we construct a regular function, 14) which has the limiting behavior,
and is thus of the form,
The function g(Z) depends on p − 1 moduli d n , which could be found by evaluating the period integrals (2.13). Since we have already fixed the integral over the cycle A = I A I by (2.16), there are only p−1 independent A-periods.
We can solve (2.14) for ω(Z) to get
the function under the square root is a polynomial of the degree 2p, it has 2p distinct roots that depend on only p−1 parameters. Thus the spectral curve consists of two cylinders glued together along p cuts. Note that the center of the I'th cut is at the point z = 2πiI/p. The cycles around each cut are A cycles. There is also a set of noncompact cycles, the B cycles. Each B I cycle starts at infinity on the physical sheet (the sheet where the resolvent is finite) and goes through the I'th cut to a point at infinity on the other sheet.
From (2.18) we see that the spectral curve is given by
which is a complex structure deformation of F p = 0 (from (1.1)). Here z ≡ u and
It is worth mentioning that the functions d n (S I ) are available as a power series in 't Hooft parameters S I 's which is valid only in the region of small S I .
We will see that this region corresponds to negatively large values of Kahler parameters
in the A-model.
The orbifold of the resolved conifold
We will now construct the Z p orbifold of the resolved conifold (Ø −1 + Ø −1 →P 1 ) using standard toric methods 1 . We will then apply the Hori-Vafa mirror map, from which we can obtain the Riemann surface which is the non-trivial part of the mirror geometry.
The deformed conifold (T * (S 3 )) can be written as det A = µ, where
We can orbifold this geometry by a Z p symmetry generated by
1 a good reference for the basics of toric geometry is [18] where α = e 2πi/p . The S 3 is given by |z 1 | 2 + |z 3 | 2 = µ (assuming µ is real and positive) and the Z p acts on this as (z 1 , z 3 ) → (αz 1 , αz 3 ), which gives the Lens space S 3 /Z p = L(p, 1), thus the entire threefold is now T * (S 3 /Z p ).
We now perform this orbifold action on the other side of the proposed large N duality. The resolved conifold can be expressed as
where (λ 1 : λ 2 ) are the homogeneous coordinates on P 1 . We simply extend the Z p action given by (3.2) to the resolved conifold, clearly this will act trivially on the base P 1 but non-trivially on the fibre co-ordinates since these are contained in the matrix A. Thus the resulting orbifold is a particular fibration of an A p -singularity over P 1 .
We will show that the large N dual of T * (S 3 /Z p ) is the blowup of this space.
The procedure of blowing up can be convenient described in the language of toric geometry but first we need the fan for the singular manifold. The standard two coordinate patches of 
Toric geometry is designed to encode these transition functions (see the appendix for notations). Namely, we get the relations u 12 + u 13 = pu 14 , u 22 + u 23 = pu 24 ,
for the lattice vectors in M. The first two relations imply that u 14 and u 24 are not vertices of the dual conesσ 1 andσ 2 respectively, whereσ 1 is spanned by u 11 , u 12 , u 13 , andσ 2 is spanned by u 21 , u 22 , u 23 . We choose a basis such that u 11 = (1, 0, 0), u 12 = (0, 1, 0), u 14 = (0, 0, 1), this determines all remaining vectors u ij .
From this we find that the cone σ 1 is generated by v 1 , v 2 , v 3 , and the cone σ 2 is generated by v 4 , v 2 , v 3 , where 
consists of the cones σ 1 , σ 2 and their faces.
To obtain a smooth manifold, we subdivide the cones σ figure 2 . This geometry and other A p fibrations over P 1 were recently considered in [20, 21] for the purposes of geometric engineering [22] . Setting m = 0 in [21] gives the above geometry. [19] . After rearranging the columns, these are given by
th
where 1 ≤ j ≤ p − 2. According to [23, 24] , the mirror geometry is given by zw = p+2 i=0 e −y i where the fields are related by i Q ai y i = t a and one of the y i variables is to be set to zero. Eliminating y 2 , y 4 , y 4+j (1 ≤ j ≤ p − 2), and setting y 1 = 0, we get which is precisely (2.19).
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A Toric variety described by a fan
A fan ∆ in N = Z n is a collection of strongly convex rational polyhedral cones in N R = N ⊗ Z R, such that (i) a face of any cone in ∆ is also a cone in ∆ and (ii) the intersection of two cones in ∆ is a face of each cone.
The procedure to construct the charts and transition functions is the following [18] .
1. Let M be the dual lattice of N. For each cone σ i ∈ ∆ of maximal dimension, define the dual cone asσ i := {u ∈ M R |(u, v) ≥ 0, ∀v ∈ σ i }. 6. Glue the two patches via z
